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ON THE ABUNDANCE OF NON-ZERO CENTRAL LYAPUNOV EXPONENTS,
PHYSICAL MEASURES AND STABLE ERGODICITY FOR PARTIALLY
HYPERBOLIC DYNAMICS
VI´TOR ARAU´JO AND CARLOS H. VA´SQUEZ
ABSTRACT. We show that the time-1 map of an Anosov flow, whose strong-unstable
foliation is C2 smooth and minimal, is C2 close to a diffeomorphism having positive
central Lyapunov exponent Lebesgue almost everywhere and a unique physical measure
with full basin, which is Cr stably ergodic. Our method is perturbative and does not rely
on preservation of a smooth measure.
RE´SUME´: Nous montrons que le temps-1 d’un flux d’Anosov, dont le foliation forte-
instable est C2 lisse et minimal, est C2 proche d’un diffe´omorphisme ayant exposant de
Lyapunov central positif Lebesgue presque partout et une unique mesure physique avec
bassin plein, ce qui est Cr-stablement ergodique. Notre me´thode est perturbatif, et ne
repose pas sur la pre´servation d’une mesure de volume.
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1. INTRODUCTION
Stable ergodicity is a desirable property for dynamical systems since it is arguably
the most basic global statistical feature. This is inspired by the fundamental Boltzman
Ergodic Hypothesis from Statistical Mechanics, which is the main motivation behind
the celebrated Birkhoff Ergodic Theorem, ensuring the equality between temporal and
spatial averages with respect to a (ergodic) probability measure µ invariant under a
measurable transformation f : M → M of a compact manifold M, i.e. for every inte-
grable function ϕ : M → R we have
lim
n→+∞
1
n
n−1
∑
j=0
ϕ
(
f j(x)
)
=
∫
ϕ dµ (1.1)
for µ almost every point x ∈ M.
Systems nearby a stably ergodic system remain ergodic. In general we need some
“natural measure” to explore stable ergodicity. D. V. Anosov in [4] was the first to es-
tablish the existence of open sets of ergodic systems on a wide class of manifolds: the
geodesic flow on the unit tangent bundle of compact Riemannian manifolds with con-
stant negative sectional curvature. Systems sharing the same features are known today
as “Anosov systems”: they are globally hyperbolic and structurally stable (all dynam-
ical properties of their perturbations are the same on all scales). Previous results on
hyperbolicity and ergodicity with respect to the natural Liouville volume measure on
the unit tangent bundle of compact surfaces with constant negative Gaussian curvature
were obtained earlier by Hedlund [27] and Hopf [29, 30].
Pugh and Shub began a program devoted to stable ergodicity [35] for partially hyper-
bolic volume preserving systems. They ask how frequently is partial hyperbolicity the
main reason for a dynamical system to be stably ergodic and conjectured that, among
the volume preserving partially hyperbolic dynamical systems, the stably ergodic ones
form an open and dense set. Many advances have been obtained in this direction re-
cently; see e.g. Rodriguez Hertz et al [38]. The natural measure in this setting is the
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Lebesgue volume measure which disintegrates as a density along the unstable folia-
tions associated to partial hyperbolic dynamics: such measures are known as u-Gibbs
states.
In the dissipative setting the SRB/physical measures are natural candidates to play the
role of Lebesgue measure, since for these measures the time averages coincide with
the space averages for orbits starting in a positive volume subset of the ambient space:
points satisfying (1.1) for all continuous functions ϕ : M → R (the ergodic basin of
the measure) form a subset of positive volume. Moreover, such physical measures for
partially hyperbolic systems disintegrate as densities along the unstable directions also,
that is, they are u-Gibbs states. So the question raised by Pugh and Shub makes sense
also in a non-conservative setting.
In [18, 19] Burns, Dolgopyat, Pesin and Pollicott studied stable ergodicity for partially
hyperbolic diffeomorphims, not necessarily conservative, whose Lyapunov exponents
along the center direction are all negative with respect to some u-Gibbs state which, in
this setting, becomes a physical measure. In [45, 3] the case with positive Lyapunov
exponents along the center direction was considered. The main reason to consider non-
zero central Lyapunov exponents in the works cited before is that in many cases hyper-
bolic u-Gibbs states are physical measures [22, 17, 1, 45]. Moreover Bochi, Fayad and
Pujals in [12] have noted that stably ergodic conservative diffeomorphisms must be C1
close to a conservative diffeomorphism with stably non-zero central Lyapunov expo-
nents.
We recall the following problem posed by Bonatti, Dı´az and Pujals in [14].
Problem 1. Let f be a C1 robustly transitive diffeomorphism of class C2 on a compact manifold
M. Does there exist g close to f having finitely many physical measures such that the union of
their basins has total Lebesgue measure in M?
This problem is connected with partial hyperbolicity since in [14] it was proved that
robustly transitive diffeomorphisms in compact manifolds of dimension three are par-
tially hyperbolic.
Hence the abundance of non-zero Lyapunov exponents along the central direction of
a strongly partially hyperbolic diffeomorphism is closely related with the issue of the
existence (abundance) of physical measures and its ergodicity. This work is devoted to
shed some light on this subject.
The aim of our work is to show that, under certain conditions explained below, it is possible
to remove zero central Lyapunov exponents by perturbation inside a class of partially hyperbolic
diffeomorphisms which are not conservative. This is an extension of results from Burns,
Pugh and Wilkinson[47, 20] about stable ergodicity of the time-one map of a geodesic
flow, now encompassing also non-conservative perturbations.
There are several results about removing zero Lyapunov exponents either in the con-
servative setting, by Shub and Wilkinson [43], Ruelle [39] and Baraviera and Bonatti [6]
for diffeomorphims and [10] for flows; or for partially hyperbolic diffeomorphisms with
center foliation formed by compact center leaves, but relying on rigidity arguments,
by Viana and Yang [46] and F. Rodriguez-Hertz, M.A. Rodriguez-Hertz, Tahzibi and
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Ures [37]. On the opposite direction, that of forcing zero Lyapunov exponents in the
absence of weak forms of hyperbolicity (like dominated splitting on the tangent bun-
dle) among conservative diffeomorphisms, there are the works of Bochi [11] together
with Viana [13], and the corresponding versions for flows by Bessa [9] together with
one of the authors [5], always restricted to C1 perturbation techniques. However, to
the authors best knowledge, there are no other general perturbation results on central
Lyapunov exponents for not conservative systems.
We consider the case of the time-1 map of a C2 Anosov flowwhich is not a suspension
flow of an Anosov diffeomorphism and whose strong-unstable foliation is smooth; see
the next section for details.
Our method relies on the following motivation: if we assume that a function ϕ f :
M → R and a f -invariant probability measure µ f are given, the function depending
continuously on the local dynamics of f and the measure depending continuously on
f in the space of diffeomorphisms, then we should be able to change the value of the
integral
∫
ϕ f dµ f by an arbitrarily small perturbation of the map f .
Our results are deduced applying the above idea to the integral of the logarithm of
the central Jacobian with respect to a u-Gibbs state, for a strongly partially hyperbolic
system whose strong-unstable foliation is smooth (the foliation is of class C2) and min-
imal (every leaf is dense in the ambient space). By Oseledet’s Multiplicative Ergodic
Theorem (see e.g. Barreira and Pesin [7]) this integral gives the central Lyapunov ex-
ponent. Therefore it is not possible to have a constant zero central Lyapunov exponent
for all u-Gibbs states in a C2 neighborhood of a partially hyperbolic map with a smooth
minimal strong-unstable foliation.
The continuity of u-Gibbs states under perturbations has been studied by one the
authors in [44]; see also [19]. To be able to control certain features of the u-Gibbs states
of the perturbed map, we need to ensure that after the perturbation the new map is
C2 close to the original one. For this we were led to assume that the strong-unstable
foliation is C2 smooth. In this setting, we can construct our perturbation C2 close to the
original map, enabling us to use the results of smooth ergodic theory already known for
u-Gibbs states.
The assumption of minimality is rather natural in this setting since Parry, in [32],
showed that a linear torus automorphism is ergodic (with respect to the Haar/volume
measure) if, and only if, the corresponding strong-stable foliation is minimal. More-
over by the results of Plante [34] for a transitive Anosov flow on a compact manifold,
either the strong-stable and strong-unstable foliations are minimal, or the flow is the
suspension of an Anosov diffeomorphism of a compact submanifold with codimension
one. We note that the existence of partially hyperbolic diffeomorphisms having robustly
minimal strong-unstable foliations was obtained by Bonatti, Dı´az and Ures in [15].
The minimality of the unstable foliation ensures, in our setting, that the future orbit of
Lebesgue almost every point has positive frequency of visits to any open subset. In the conser-
vative setting, we have that Lebesgue almost every point has well defined time averages
for the future and for the past, i.e. under iterates of the map and of the inverse map. This
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is not necessarily true in general and prevents us from using arguments similar to the
ones of e.g. Burns, Wilkinson [21] and F. Rodriguez Hertz, M. A. Rodriguez Hertz, A.
Tahzibi, R. Ures [36] in the conservative setting.
The closely related results of Dolgopyat [24] where obtained using completely differ-
ent techniques of a more analytic nature, and are put in the setting of perturbation along
generic one-parameter families of maps through the original map f . In addition the re-
sults are stated and proved in the setting where the stable and unstable subbundles are
one-dimensional.
So, in this work we establish a perturbative method to remove zero Lyapunov ex-
ponents (Theorem A and its proof) in a non-conservative setting; we deduce existence
and uniqueness of physical measures (Corollary B) and also stable ergodicity for the
perturbed systems (Corollary C).
2. STATEMENT OF THE RESULTS
Let M be a closed Riemannian manifold. We denote by ‖ · ‖ the norm obtained from
the Rimannian structure and by Leb the Lebesgue measure on M.
If V,W are normed linear spaces, we define
‖A‖ = sup
{
‖Av‖W/‖v‖V , v ∈ V \ {0}
}
,
and
m(A) = inf
{
‖Av‖W/‖v‖V , v ∈ V \ {0}
}
for a linear map A : V →W.
A diffeomorphism f : M → M is strongly partially hyperbolic if there exists a continu-
ous D f -invariant splitting of TM,
TM = Es ⊕ Ec ⊕ Eu,
and there exist constants C ≥ 0 and
0 < λ1 ≤ µ1 < λ2 ≤ µ2 < λ3 ≤ µ3
with µ1 < 1 < λ3 such that for all x ∈ M and every n ≥ 1 we have:
C−1λn1 ≤ m (D f
n(x)|Es(x)) ≤ ‖D f n(x)|Es(x)‖ ≤ Cµn1 , (2.1)
C−1λn2 ≤ m (D f
n(x)|Ec(x)) ≤ ‖D f n(x)|Ec(x)‖ ≤ Cµn2 , (2.2)
C−1λn3 ≤ m (D f
n(x)|Eu(x)) ≤ ‖D f n(x)|Eu(x)‖ ≤ Cµn3 . (2.3)
The expression (2.1) means that Es is uniformly contracting, while (2.3) means that Eu
is uniformly expanding. The expression (2.2) implies that Eu dominates Ec and that Ec
dominates Es. We assume that the subbundles are non-trivial.
It is well known that partially hyperbolic diffeomorphisms have an unstable foliation
Fu = {Fu(x) : x ∈ M}, whose leaves are the (strong) unstable manifolds Wu(x),
x ∈ M; and they also have a stable foliation Fs = {Fs(x) : x ∈ M}, whose leaves
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are the (strong) stable manifolds Ws(x), x ∈ M. For Cr diffeomorphisms, r > 1, these
foliations are absolutely continuous; see Hirsch, Pugh and Shub [28].
An f -invariant probability measure µ is a u-Gibbs state if the conditional measures
of µ with respect to the partition into local strong-unstable manifolds are absolutely
continuous with respect to Lebesgue measure along the corresponding local strong-
unstable manifolds. If f is a C2-partially hyperbolic diffeomorphism, there always exists
a u-Gibbs state; see Proposition 3.1 or see e.g. Pesin and Sinai [33] for more details.
We recall that, if µ is a f -invariant measure, the (ergodic) basin of µ is the set B(µ) of
all points x ∈ M such that (1.1) is satisfied for all continuous functions ϕ : M → R. It
is well known that the set B(µ) has full measure with respect to any ergodic f -invariant
probability measure µ. The f -invariant measure µ is a physical or SRB (Sinai-Ruelle-
Bowen) measure, if its basin B(µ) has positive Lebesgue measure (volume) on M.
2.1. Standing assumptions. We assume throughout that the unstable foliation Fu is min-
imal, that is, every leaf ξ ∈ Fu is dense in M. This property is satisfied by a C1 open set
of partially hyperbolic diffeomorphisms by the results of Bonatti, Dı´az and Ures in [15],
among robustly trasitive strongly partially hyperbolic diffeomorphism in dimension
three, that is, each subbundle is one-dimensional. It is satisfied by the time one map of
any transitive Anosov flow which is not the suspension of an Anosov diffeomorphism
of a codimension one submanifold, by the results of Plante [34], e.g., the geodesic flow
on surfaces of constant negative curvature and by many contact Anosov flows.
This is important to ensure that certain properties of the map obtained after local
pertubations are spread to the entire ambient space.
We also assume that the subbundle Eu induces a smooth foliation Fu of class C2. We
remark that for the general partially hyperbolic diffeomorphism the stable and unstable
laminations Fs,Fu, although having leaves as smooth as f , are not foliations in the usual
sense of Differential Topology: their leaves do not “stack on top of each other” in a
smooth way.
2.2. Removing zero central Lyapunov exponent. This is our main result. Abundance
of non-zero central Lyapunov exponents means the existence open sets of diffeomor-
phisms where each one exhibits non-zero central Lyapunov exponents for Lebesgue
almost every point on the manifold.
A partially hyperbolic diffeomorphism such that every u-Gibbs state has positive cen-
tral Lyapunov exponents is called mostly expanding and their properties are studied in
[3, 45]. Mostly expanding is the dual notion of mostly contracting introduced by [17, 22]
and studied in [2].
For r ≥ 2, a Cr mostly expanding diffeomorphism has non-zero Lyapunov exponents
Lebesgue almost everywhere in the ambient manifold. This is a Cr-open property and
it also implies the existence of physical measures (see Proposition 3.8).
Theorem A. Let f be the time-1 map of an Anosov flow whose strong-unstable foliation is C2
smooth and minimal. For r ≥ 2, f is C2-close to a Cr-open set of mostly expanding diffeomor-
phisms.
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We give a brief sketch of our arguments. Let f be as in the statement of Theorem A.
In what follows, for each u-Gibbs state µ of f , we denote
λcµ( f ) :=
∫
log ‖D f | Ec‖ dµ.
We note that, since the central direction is assumed to be one-dimensional, if µ is er-
godic, then this number equals the central Lyapunov exponent. Moreover, since f is the
time-1 map of an Anosov flow, we always have λcµ( f ) = 0 for each u-Gibbs state µ.
Using the perturbative methods explained in Sections 2.6, 4, 5 and 6, we conclude that
there exist a partially hyperbolic diffeomorphism g C2-close to f such that g is mostly
expanding: for each u-Gibbs state µg of g we have λ
c
µg(g) > 0. The minimality of F
u
now ensures that there is a unique µg which is a cu-Gibbs state and the unique physical
measure; see Lemma 3.10 formore details. The rest of the conclusion follows from the Cr
openness of the mostly expanding property (see Proposition 3.8 and Proposition 3.11).
More precisely, we show that, for f ∈ Diffr(M), r ≥ 2 in the setting of Theorem A,
then arbitrarily C2-close of f , there exists a Cr-neighborhood V of mostly expanding diffeomor-
phisms. As consequence, for each g ∈ V there exists a physical measure given by an ergodic
u-Gibbs state µ for g with positive central exponent, whose basin has full measure.
2.3. Abundance of physical measures with non-zero central exponent. As a conse-
quence of Theorem A we provide a partial answer to Problem 1. As usual in smooth
ergodic theory, we say that an invariant probability measure µ is hyperbolic if the Lya-
punov exponents of µ-almost every point are never zero.
Corollary B. Each time-1map of an Anosov flow, whose strong-unstable foliation is C2 smooth
and minimal, is C2-close to a Cr-open set of partially hyperbolic diffeomorphims admitting a
unique physical and hyperbolic measure with full basin (with r ≥ 2).
Hence Corollary B ensures that Problem 1 has an affirmative answer for time-1 maps
f of an Anosov flow when the strong-unstable foliation of f is C2 smooth and minimal.
2.4. Abundance of stable ergodicity. Now we rewrite our results from the point-of-
view of stable ergodicity. A diffeomorphism f is Cr-stably ergodic if there exists a Cr-
neighborhood V of f , where for each g ∈ V there exists a unique physical measure µg
whose ergodic basin has full Lebesgue measure in the ambient space.
From the results of Section 3.4 on uniqueness of physical measures for partially hyper-
bolic diffeomorphims with minimal strong-unstable foliation, we obtain the following.
Corollary C. Let f be the time-1 map of an Anosov flow whose strong-unstable foliation is C2
smooth and minimal.Then f is C2-close to a Cr-stably ergodic diffeomorphism.
From the results [19, 44] about the continuous variation of u-Gibbs states and their
(non-zero) Lyapunov exponents with the diffeomorphism in the C2 topology, the stably
ergodic diffeomorphisms we obtain are necessarily statistically stable. This means that
the physical measures depend continuously on the diffeomorphism.
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We now remark that Bochi, Fayad and Pujals in [12] have noted that stably ergodic
conservative diffeomorphisms must be C1 close to a conservative diffeomorphism for
which Lebesgue measure is ergodic and hyperbolic, that is, stable ergodicity in the con-
servative setting implies stably non-zero central Lyapunov exponents.
In our setting a straighforward consequence of our main result reads as follows.
Corollary D. The set of C2 stably ergodic strongly partially hyperbolic diffeomorphisms with
one-dimensional central subbundle and stably zero central Lyapunov exponents, cannot contain
a diffeomorphism which is the time-1 map of an Anosov flow whose strong-unstable foliation is
C2 smooth and minimal.
2.5. Related open questions. The results stated above suggest naturally the following
questions/problems.
Problem 2. We have seen that minimal unstable foliations are helpful to get a physical measure
for partially hyperbolic systems. How general or abundant are the partially hyperbolic systems
with minimal unstable foliations?
Problem 3. Given that we have a positive or negative central Lyapunov exponent for some u-
Gibbs measure, for partially hyperbolic diffeomorphism with minimal unstable foliations, can
we ensure that we have mixed central behavior for higher dimensional central subbundles?
That is, can we obtain generically or densely that there are hyperbolic u-Gibbs states with higher
dimensional central subbundle having only non-zero Lyapunov exponents along this central
direction?
Problem 4. A natural problem in our setting is to understand if mixed central behavior together
with hyperbolicity (absence of zero Lyapunov exponents along the central direction) for some u-
Gibbs state is sufficient in general to obtain a physical measure. If not, what extra conditions are
needed to obtain a physical measure in this setting?
The last Corollary D naturally suggests the following
Problem 5. Is it possible to have stable ergodicity with zero Lyapunov exponents robustly along
the center direction? That is, can we have stable ergodicity and zero central Lyapunov exponents
almost everywhere simultaneously?
Problem 6. Since for our stably ergodic maps the physical measures vary continuously with
the diffeomorphism, is it true that the physical measures also depend smoothly on the diffeo-
morphism? That is, can we obtain a susceptibility function for strongly partially hyperbolic
diffeomorphisms in our setting along the lines of the work of Ruelle [40, 41]?
The choice of the adequate Cr topologies is part of the problems above.
2.6. Overview of the arguments. Here we present an overview of the arguments to be
detailed in what follows.
The statements of known results about u-Gibbs and cu-Gibbs states versus physical
measures, together with minimality of strong-unstable foliation versus uniqueness of
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u-Gibbs states are collected in Section 3 for convenience. We refer to them along the rest
of this text when needed.
Let f be the time-1 map of an Anosov flow whose strong-unstable foliation is C2
smooth and minimal. We claim that we can perturb f to a C2 close mostly expanding map g
whose corresponding strong-unstable foliation Fug equals that of f : F
u
g = F
u
f .
If we assume this claim, then since Fug is minimal we get from Lemma 3.10 that there
exists a unique cu-Gibbs state µ for g. Nowwe are in the setting of Proposition 3.11, and
so we conclude that there exists a Cr neighborhood V of g where all maps are mostly
expanding and have a unique physical measure given by an ergodic cu-Gibbs state.
This completes the proof of Theorem A and Corollary B, and also shows that g is Cr
stably ergodic as in the statement of Corollary C, after we prove the claim above.
2.6.1. Strategy. To prove the claim, we perform a local perturbation of the map f to a
map g by defining g = f ◦ H, where H is a C2 diffeomorphism of M such that, for some
given non-periodic point q0 ∈ M for f and sufficiently small ε, t > 0, we have in chosen
local coordinates
• H(B(q0, 2ε)) = B(q0, 2ε);
• H is the identity map Id on M \ B(q0, 2ε);
• ‖H − Id‖C1 = tε and ‖H − Id‖C2 −−−→
ε→0+
0;
• DH(q) · Ecf (q) is the graph of a non-zero injective linear map LH(q) : E
c
f (H(q)) →
Euf (H(q)), for all q ∈ B(q0, 2ε);
where we write E∗f for the D f -invariant subbundles of f , ∗ = s, c, u.
We present the construction of this map H in Section 4, where the assumption of C2
smoothness on Fu enables us to define H using coordinates along the leaves of the strong-
unstable foliation and, most useful, to keep the strong-unstable and center-unstable foliations
unchanged, so that Fu remains a minimal foliation for the perturbed map. This perturbation
g = f ◦ H of f , because it is C2 close to f , is also a strongly partially hyperbolic diffeo-
morphism with Dg-invariant subbundles E∗g, ∗ = s, c, u, where E
c
g is one-dimensional.
We claim that the center Dg-invariant subbundle is “tilted” towards the original Euf
subbundle in such a way that there exists a non-negative measurable function ξ : M →
R such that for every q ∈ M,
‖Dg(q)|Ecg(q)‖ ≥ 1+ ξ(q). (2.4)
Moreover, the set of points q ∈ M such that ξ(q) > 0 has positive µg measure for every
u-Gibbs state µg of g (see Lemma 6.2). Then, we conclude that
λcµg(g) =
∫
log ‖Dg | Ecg‖ dµg ≥
∫
log(1+ ξ(q))dµg(q) > 0.
Here ξ(q) = ξt,ε(q) ≥ 0 depends on the domination of the action of D f on Euf over
Ecf (given by (2.1), (2.2) and (2.3)) and on the C
1 distance between f and g. Both claims
above are proved in Sections 5 and 6 by:
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(i) showing that the perturbed central subbundle Ecg has a non-zero component
along the old unstable subbundle, in Section 5;
(ii) taking a Riemannian adapted norm ‖ · ‖ for the strongly partially hyperbolic dif-
feomorphims f , given by [26], to estimate the expansion along Ecg in a transparent
way, in Section 6.
The proof is mostly a linear algebra argument taking advantage of the robustness of the
domination of the splitting. These are the main arguments in the proof of Theorem A
and Corollaries B through C.
2.7. Examples of application.
2.7.1. The time-one map of the geodesic flow on surfaces of constant negative curvature. Con-
sider a compact surface S with a Riemannian metric with constant negative curvature.
Then the geodesic flow φt on the unit tangent bundle M = T1S of S is an Anosov flow
whose strong stable and strong unstable foliations are Cr smooth for all r > 1; see e.g.
Benoist, Foulon and Labourie [8].
In addition, both foliations are minimal: this type of geodesic flow preserves a contact
form, which coincides with the Liouville measure on the unit tangent bundle, and it is
known to be ergodic with respect to this measure since the work of Hopf (see e.g. [30]).
Therefore, the flow is transitive and the entire phase space is non-wandering, thus both
strong stable and strong unstable foliations (those tangent to Es and Eu respectively) are
minimal; see Plante [34].
Hence we can apply our results to f = φ1 : M → M which is a strongly partially
hyperbolic map and also preserves a natural volume form that is a u-Gibbs state and
the unique physical measure for f on M. We conclude that f is C2 close to a Cr stably
ergodic (not necessarily conservative) diffeomorphism with positive central Lyapunov
exponents Lebesgue almost everywhere.
2.7.2. The time-1 map of the geodesic flow on symmetric Riemannian manifold of constant neg-
ative curvature. Anosov flows φt in any compact finite dimensional Riemannian mani-
fold having smooth (at least of class C3) strong stable or strong unstable foliations are
essentially C∞ conjugated to the geodesic flow over a locally symmetric Riemannian
manifold with constant negative sectional curvature; see Benoist, Foulon and Labourie
[8]. These flows preserve a smooth volume form which is a contact form, so they are
contact Anosov flows. In addition, they are transitive by the classical result of Hopf
[29], and do not admit sections; see Godbillon [25, pp. 146-147]. Hence, by the work of
Plante [34], the strong unstable foliation is minimal.
Hence we can apply our results to f = φ1 as in the previous class of examples. We
note that now the stable and unstable directions are higher dimensional: if the dimen-
sion of the manifold is n, the dimension of the unit tangent bundle is 2n− 1, and then
the dimension of the stable and unstable invariant distributions equals n− 1.
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3. PROPERTIES OF u-GIBBS STATES AND cu-GIBBS STATES
Here we overview some properties of u- and cu-Gibbs states used in the detailed
arguments of the previous section.
3.1. Birkhoff regular points and ergodic decomposition. A point z ∈ M is Birkhoff
regular if the Birkhoff averages
ϕ−(z) = lim
n→∞
1
n
n−1
∑
k=0
ϕ( f−k(z)), (3.1)
ϕ+(z) = lim
n→∞
1
n
n−1
∑
k=0
ϕ( f k(z)); (3.2)
are defined and ϕ−(z) = ϕ+(z) for every ϕ : M → R continuous. The set of Birkhoff
regular points of f has full measure with respect to any f -invariant measure µ.
Given a point x let us denote by µx the probability measure given by the time average
along the orbit of x ∫
ϕ dµx = lim
n→∞
1
n
n−1
∑
j=0
ϕ
(
f j(x)
)
(3.3)
for every continuous ϕ : M → R. According to the Ergodic Decomposition Theorem
µx is well defined and ergodic for every x in a set Σ( f ) ⊆ M that has full measure with
respect to any invariant measure µ; see e.g. Man˜e´ [31]. Moreover, for every bounded
measurable function ϕ : M → R we can write∫
ϕ dµ =
∫ (∫
ϕ dµx
)
dµ(x). (3.4)
For every such ϕ the integral
∫
ϕ dµx coincides with the time average µ-almost every-
where, and x ∈ supp µx for µ-almost all x.
3.2. u-Gibbs states and their properties. We assume from now on in this section that
f : M → M is a Cr partially hyperbolic diffeomorphism (r ≥ 2) having a splitting of the
tangent bundle given by TM = Es ⊕ Ec ⊕ Eu. The aim of this subsection is to present
some usefull properties of u-Gibbs states.
An f -invariant probability measure µ is a u-Gibbs state if the conditional measures
of µ with respect to the partition into local strong unstable manifolds are absolutely
continuous with respect to Lebesgue measure along the corresponding local unstable
manifolds. The following classical result shows that in this setting there always exist
u-Gibbs states.
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Proposition 3.1. [33, by Pesin and Sinai] Denote by mu = dimEu. If Du is an mu-
dimensional disk inside a strong-unstable leaf, and Leb Du denote the Lebesgue measure induced
on Du, then every accumulation point of the sequence of probability measures
µn =
1
n
n−1
∑
j=0
f
j
∗
(
Leb Du
Leb Du(Du)
)
is a u-Gibbs state with densities with respect to Lebesgue measure along the strong-unstable
leaves uniformly bounded away from zero and infinity. In particular, the support of µ consists
of entire strong-unstable leaves.
Remark 3.2. As can be seen in Bonatti, Dı´az and Viana [16] the densities of u-Gibbs
states with respect to Lebesgue measure along the strong unstable plaques depend only
on f through its derivatives and the curvature of the unstable manifolds. Consequently,
the bounds on the densities of u-Gibbs states are also uniform for maps on a C2 neigh-
borhood of f .
Next results present several very useful properties of u-Gibbs states. First, the ergodic
decomposition of u-Gibbs states is formed by other u-Gibbs states.
Proposition 3.3. [16, Lemma 11.13 andCorollary 11.14] Ergodic components of any u-Gibbs
state µ are u-Gibbs states whose densities are uniformly bounded away from zero and infinity.
Conversely, a convex combination of u-Gibbs states is an u-Gibbs state. The support of any
u-Gibbs state consists of entire strong-unstable leaves.
This allows us to assume without loss of generality in many settings that u-Gibbs
states are ergodic. The fact that the support of any u-Gibbs state contains a full strong-
unstable leaf is very important when we assume that the strong-unstable foliation is
minimal, see Section 3.4.
Next we see that the “basin of the family of all u-Gibbs states” is very big in the
manifold.
Proposition 3.4. [16, Theorem 11.16] There exists E ⊆ M intersecting every unstable disk
on a full Lebesgue measure subset, such that for any x ∈ E, every accumulation point ν of
νn,x = (1/n)∑
n−1
j=0 δ f j(x) is a u-Gibbs state.
The following two propositions are consequences of Proposition 3.4.
Proposition 3.5. [16, Section 11.2.3] If µ is an physical measure for f , then µ must be a u-
Gibbs state.
Proposition 3.6. [23, by Dolgopyat] If µ is the unique u-Gibbs state for f , then µ is a physical
measure for f . Moreover its basin B(µ) has full Lebesgue measure in M.
3.3. cu-Gibbs states and their properties. The aim of this subsection is to present some
usefull results on cu-Gibbs states.
We recall that Ecu := Ec ⊕ Eu and we denote mcu := dim Ecu. An invariant mea-
sure µ is a cu-Gibbs state if the mcu largest Lyapunov exponents are positive µ-almost
ABUNDANCE OF NON-ZERO CENTRAL LYAPUNOV EXPONENTS 13
everywhere and the conditional measures of µ along the corresponding local Pesin’s
center-unstable manifolds are µ-almost everywhere absolutely continuous with respect
to Lebesgue measure on these manifolds.
The notion of cu-Gibbs state was introduced by Alves, Bonatti and Viana in [1] in a
more general context; they correspond to a non-uniform version of the u-Gibbs states.
In what follows, we present the properties of cu-Gibbs states adapted to our setting.
The interested reader should consult [1, 16, 44] for the properties of cu-Gibbs in more
general contexts.
We first present a condition which guarantees the existence of cu-Gibbs states. We
say that a diffeomorphism f has non-uniform expansion along the center-unstable direction
if there exists a constant c0 > 0 such that
lim sup
n→∞
1
n
n−1
∑
j=0
log ‖D f−1|Ecu( f j(x))‖ ≤ −c0 < 0. (3.5)
for all x in a full Lebesgue measure subset of M.
Proposition 3.7. [1, by Alves, Bonatti, Viana] If f is non-uniformly expanding along the
center unstable direction, then there exist finitely many cu-Gibbs states µ1, . . . , µk. Moreover,
they are physical measures a the union of their basins cover Lebesgue almost every point of the
whole manifold M.
If follows from Proposition 3.4 that a cu-Gibbs state is a u-Gibbs state. The converse
is not true in general, even if the u-Gibbs state is ergodic and it has positive central
Lyapunov exponents; see for instace the example in [45].
As explained along the statements of the main results, we say that f is mostly expand-
ing if every u-Gibbs state of f has positive central Lyapunov exponents. As for the dual
notion of mostly contracting, the mostly expanding diffeomorphisms possess similar
properties which are studied in [3].
Proposition 3.8. [3, TheoremA] The class of mostly expanding partially hyperbolic diffeomor-
phisms constitutes a C2-open subset Diffr(M). Moreover, if f is a mostly expanding partially
hyperbolic diffeomorphism, then it is non uniformly expanding along the central direction so
that, in particular, such f has a finite number of physical measures whose basins together cover
Lebesgue almost every point in M.
We can say more about the number of physical measures.
Proposition 3.9. [3, Theorem B] If f is a mostly expanding partially hyperbolic Cr diffeomor-
phism, r ≥ 2, with a unique cu-Gibbs state, then every g Cr-close to f has a unique physical
measure.
3.4. Minimal unstable foliation, uniqueness of u-Gibbs states and stable ergodicity.
We now assume that f is a partially hyperbolic C2 diffeomorphism whose unstable foli-
ation is minimal.
From the absolute continuity of the unstable foliation, we see that the subset E of M
given by Proposition 3.4 has full Lebesgue measure (volume) in M.
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So for Lebesgue almost every x and for every given continuous function ϕ on M,
we have that ϕ+(x) can have many different values, but each of them is given by
µ(ϕ) =
∫
ϕ dµ where µ is some u-Gibbs state. However, even if f is a strongly partially
hyperbolic C2 diffeomorphims with simultaneously minimal stable and unstable foliations,
we cannot in general ensure that ϕ± is well defined nor that ϕ+ = ϕ− Lebesgue almost
everywhere.
These averages are well-defined Lebesgue almost everywhere and ϕ+ = ϕ− is true,
for instance, if f preserves Lebesgue measure.
Problem 7. For a strongly partially hyperbolic C2 diffeomorphims f of a compact manifold M,
if for any given continuous function ϕ on M, both the forward ϕ+(x) and backward ϕ−(x)
Birkhoff averages exist and coincide for Lebesgue almost every x ∈ M, then Lebesgue measure
is invariant.
Moreover, since every strong-unstable leaf is dense by assumption, and the support
of every u-Gibbs state contains some full strong-unstable leaf, we deduce from Propo-
sition 3.4 that, for each x ∈ E, every accumulation measure µx given by (3.3) has full
support. In particular µx(U) > 0 for every open subset U.
Altogether this ensures that each x ∈ E has positive frequency of visits to any open
subset of the manifold. In particular, Lebesgue almost every positive orbit is dense.
We will construct a perturbed map g C2 close to f whose strong-unstable foliation
coincides with the strong-unstable foliation of f , so these properties persist for all maps g
obtained from f according to our perturbation scheme, to be presented in the next section.
A similar argument shows that physical cu-Gibbs states are unique, if they exist.
Lemma 3.10. Let f : M → M be a (strongly) partially hyperbolic C2 diffeomorphism whose
strong-unstable foliation Fu is minimal. Is f is mostly expanding, then there can exist at most
one cu-Gibbs state for f which is also a physical measure and it basin cover Lebesgue almost
every point of the whole manifold M.
Proof. Indeed, an ergodic cu-Gibbs state µ is a physical measure whose basin B(µ) con-
tains some open neighborhood U of any center-unstable leaf ξ supporting µ. These
neighborhoods are given by the family of strong-stable leaves through points of ξ.
Therefore any other ergodic cu-Gibbs state ν has some center-unstable leaf ζ is its sup-
port which crosses U (Note that in this case, the center unstable leaf ζ is foliated by
strong unstable leafs and they are dense in M). The absolute continuity of the strong-
stable foliation ensures that the same argument as above implies µ = ν.
The basin of µ has full Lebesguemeasure in the ambient space as a direct consequence
of Proposition 3.4. For otherwise it would be possible to find an invariant subset of pos-
itive Lebesgue measure where (3.5) holds and then, using the proof of Proposition 3.7,
we would be able to construct another cu-Gibbs state which would be a new physical
measure. 
Combining the previous results we have proved the following.
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Proposition 3.11. Let f be a mostly expanding strongly partially hyperbolic diffeomorphism,
with one-dimensional subbundles, having a unique cu-Gibbs state.
Then there exists a Cr neighborhood U of f , r ≥ 2, such that each g ∈ U is mostly expand-
ing and admits an unique cu-Gibbs state µg which is a physical measure with full basin. In
particular f is Cr-stably ergodic.
4. PERTURBING THE CENTRAL SUBBUNDLE
Here we start the proof of Theorem A, providing the details of the construction of the
perturbed diffeomorphism.
4.1. Adapted norms for partially hyperbolic diffeomorphisms. We note first that for
a flow Xt without equilibria on a compact Riemannian manifold M with an induced
norm ‖ · ‖, we can define a new norm |u|x := ‖u‖/‖X(x)‖ which satisfies
|DXt · X(x)|Xt (x) =
‖DXt · X(x)‖
‖X(Xt(x))‖
= 1, x ∈ M, t ∈ R.
We then use the results from Gourmelon [26], which provide adapted metrics on our
setting. That is, we may assume without loss of generality that our partial hyperbolic
map f = X1, where (Xt)t∈R is now a C
2 Anosov flow, satisfies (2.1), (2.2) and (2.3) with
C = 1 and, moreover, that the norm is induced by a Riemannian metric on M such that
at each x ∈ M the directions along the different subbundles are mutually orthogonal.
Since f = X1 is the time-1 map of an Anosov flow, we have
‖D f (x)v‖ = 1 for every v ∈ Ecf (x), with ‖v‖ = 1.
4.2. The choice of coordinates. The assumption that f = X1 is the time-1 map of a
C2 Anosov flow ensures that Ecf is an integrable subbundle, its integral manifolds F
c
are the orbits of the flow (Xt)t∈R. Moreover the strong-stable F
s and strong-unstable
Fu foliations are smooth along the central leaves since F⋆(Xt(x)) = Xt(F⋆(x)) for x ∈
M, t ∈ R and ⋆ = s, u. This means that we have dynamical coherence: for each x ∈
M the sets Fcu(x) = ∪t∈RXt(F
u(x)) and Fcs(x) = ∪t∈RXt(F
s(x)) are C2 immersed
submanifolds of M tangent to Ecu := Ec ⊕ Eu and Ecs := Es ⊕ Ec respectively.
Using the assumption of C2 smoothness of the strong-unstable foliation Fu together
with the dynamical coherencewe see that the center-unstable foliationFcu is also C2 smooth.
Hence we can define for any given q0 ∈ M a C
2 local parametrization ψ : D → M of M
as follows.
We start by choosing an embedded manifold Σ in a neighborhood of q0, contain-
ing q0, such that Σ is transverse to E
u
f at all points q ∈ Σ: we simply take Σ :=
∪−γ<t<γXt(Wsγ(q0)) where W
s
γ(q0) is the connected component of F
s(x) ∩ Bγ(q0) con-
taining q0. This is a local center-stable leaf through q0.
We write Wcsγ : B˜1(0) → Σ for a C
2 parametrization of Σ, where B˜1(0) is the unit ball
in the Euclidean space Rs+c, with s := dimEsf and c := dim E
c
f = 1 and W
cs
γ (0) = q0.
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We can assume that
DWcs(0)(Rs × {0c}) = Es(q0) and DW
cs(0)({0s} ×Rc) = Ec(q0).
In this way Σ is tangent to the center-stable direction at all points, that is, TqΣ =
Ecs(q) := Esf (q)⊕ E
c
f (q), q ∈ Σ.
The Stable/Unstable Manifold Theorem ensures that for every q ∈ Σ there exists a C2
embeddingWuγ (q) : B̂1(0) → M where B̂1(0) is the unit ball in the Euclidean space R
u
with u := dim Euf ;W
u
γ (q)(B̂1(0)) = F
u(q) ∩ Bγ(q) and TqWuγ(q) = E
u
f (q); see e.g. [42].
The C2 smoothness of Fu ensures that the following is a C2 map
ψ : B˜1(0)× B̂1(0) → M, (w, z) 7→W
u
γ
(
Wcuγ (w)
)
(z)
and, since Dψ(w, 0) : Rs+c+u → TqM is an isomorphism for all w ∈ B˜1(0) and ψ maps
B˜1(0)× {0} diffeomorphically onto Σ = W
cu
γ (B˜1(0)), then ψ is a C
2 diffeomorphism on
a neighborhood of B˜1(0)× {0}. Thus, setting γ > 0 smaller if needed, we can assume
without loss that ψ is a C2 diffeomorphism between D = B˜1(0)× B̂1(0) and its image in
M.
This is the parametrization we need to define our perturbation. We note that
Dψ(w, 0)(Rs+c × {0u}) = Esf (ψ(w, 0))⊕ E
c
f (ψ(w, 0)) and
Dψ(w, z)({0s+c} ×Ru) = Euf (ψ(w, z)) and also
Dψ(w, z)({0s} ×R × {0u}) = Ecf (ψ(w, z)),
for all (w, z) ∈ D. The last property is a consequence of the assumption that f =
X1, since for all (w, z) ∈ D and each small |t| there exists z
′ such that ψ(Xt(q), z) =
Xt(ψ(q, z′)).
So this provides a C2 coordinate system around each point of M such that (w, z) 7→
ψ(w, z), for (w, z) ∈ D, is contained in the local strong-unstable manifold of the point
ψ(w, 0).
4.3. Construction of the local perturbation. Let us fix q0 a recurrent non-periodic point
of f . We note that since we assume f has a minimal unstable foliation, then we have
plenty of points with dense orbit. We fix a neighborhood U of q0 in M such that
f (U) ∩U = ∅ and a parametrization ψ : D → U, where ψ is the coordinate system
constructed in the previous subsection. By appropriately rescaling the basis vectors in
R
d, we can further assume without loss of generality that ‖Dψ(0)ei‖ = 1, i = 1, . . . , d,
for the canonical basis {ei}
d
i=1 of R
d, where d := s+ c+ u = dimM.
4.3.1. The choice of the bump function. Let φ : R → [0, 1] be a bump function with the
following properties:
• φ ≡ 0 on R \ (−2, 2) and φ ≡ 1 on [−1, 1];
• (sφ(s))
′
6= 0 for all s ∈ (−2, 2) except at the points {±s0} for a value s0 ∈ (1, 2).
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This is easy to build: we start with
η0(s) :=
{
e−1/t
2
if t > 0
0 if t ≥ 0
and η1(s) := η0(s)η0(1− s)
and then consider η2(s) := c
−1
∫ s
−∞ η1(t) dt where c :=
∫ ∞
−∞ η1(t) dt. This function η2 is
of class C∞ and satisfies η2 | (−∞, 0] ≡ 0, η2 | [1,+∞) ≡ 1 and η2 | (0, 1) > 0. We set
φ(s) := η2(s+ 2)η2(2− s). See Figure 1.
FIGURE 1. At the upper left we have η1 and at the upper right η2 on the
interval [0, 1]. At the lower left we have ζ(s) = sφ(s) and at the lower
right ζ′ on the interval [1, 2].
For s ∈ (−1, 1) we have sφ(s) = s and there is no zero of the derivative of ζ(s) :=
sφ(s). But ζ(0) = ζ(2) = 0, thus there exists a zero of ζ′ in (1, 2). Since ζ(−s) = ζ(s) we
may consider only s ∈ (1, 2) and clearly see in Figure 1 that there exists a unique zero
of ζ′ in this interval, as we wanted.
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4.3.2. The choice of the perturbation. To define the perturbation we set the multi-indexes
x = (x1, . . . , xs) and z = (z1, . . . , zu). We then define
Φε(x, y, z) :=
[
s
∏
i=1
φ(
xi
ε
)
]
φ(
y
ε
)
[
u
∏
j=1
φ(
zj
ε
)
]
together with the following diffeomorphism for small t > 0 (to be bounded above in
the following arguments) and 0 < ε < 1/4
h = ht,ε : D → D, (x, y, z) 7→ (x, y, z+ tyΦε(x, y, z)es+c+1), (4.1)
where s+ c+ 1 is the first coordinate along the unstable direction in the parametrization
ψ. We have, with respect to the canonical basis on Rd and writing Ik for the identity on
R
k for k ∈ Z+
Dht,ε =
 Is 0 00 1 0
tyDxΦε · es+c+1 t(Φε + y∂yΦε) · es+c+1 Iu + tyDzΦε · es+c+1
 , (4.2)
where DxΦε(x, y, z) : R
s → R and DzΦε(x, y, z) : R
u → R. Clearly h is the identity on
D \ B(0, 2ε). For (x, y, z) ∈ B(0, 2ε) and some constant C > 0 (a bound on sup |Dφ|) we
have for ⋆ = any of the variables in x, y, z
|ty∂⋆Φε| ≤ t · 2ε(C/ε) = 2Ct and |t(Φε + y∂yΦε)| ≤ t(1+ 2C),
and by the definition of φ we get |t(Φε + y∂yΦε)| 6= 0 except at two values y = ±εs0
with |y| ∈ (ε, 2ε). We note that the bottom right side block of the matrix in (4.2) has a
non-zero determinant
|detDht,ε| = |1+ ty∂z1Φε| ≥ 1− 2Ct ≥
1
2
for 0 < t < 1/4C. (4.3)
Moreover, since ‖h − Id‖ = |tyΦε |, we see that for small ε > 0 we get ‖ht,ε − Id‖C1 ≤
(1+ 2C)t. In addition, for 0 < t < 1/4C we have
h(x, y, z) = h(x¯, y¯, z¯) =⇒ x = x¯, y = y¯, zj = z¯j for j = s+ c+ 2, . . . , d
and
zs+c+1 − z¯s+c+1 = ty[Φε(x, y, z¯)−Φε(x, y, z)].
From the definition of Φε we see that Φε(x, y, z¯) = Φε(x, y, z) = 0 for |y| > 2ε; while for
|y| ≤ 2ε
|zs+c+1 − z¯s+c+1| ≤ t|y|
∣∣∣∣φ( z¯s+c+1ε )− φ (zs+c+1ε )
∣∣∣∣
≤ t
|y|
ε
(sup |Dφ|)|zs+c+1 − z¯s+c+1| ≤ 2tC|zs+c+1 − z¯s+c+1|
so from the assumption 0 < t < 1/4C we conclude that z = z¯ in all cases. Under this
condition the map h is injective and thus, by (4.3), a diffeomorphism onto its image.
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Remark 4.1. We can easily bound the second partial derivatives as |∂2
⋆†Φε| ≤ Cε
−2
for ⋆, † = the variables in x, y, z, so that ‖ht,ε − Id‖C2 ≤ Ctε
−1 for a constant C > 0
depending on the bump function φ but independent of ε, t. Moreover, for r > 2 we have
|∂kmΦε| ≤ Ckε
−k for every multi-index m = (m1, . . . ,mk) ∈ {x1, . . . , xs, y, z1, . . . , zu}
k and
2 ≤ k ≤ r, where Ck depends on φ only. This will be essential to estimate the C
r distance
of the perturbed map away from f .
We finally define the perturbed map g as
g(x) =
{
f (q) if q ∈ M \U
( f ◦ H)(q) if q ∈ U
,
where we write H = ψ ◦ h ◦ ψ−1 from now on.
Remark 4.2. We note that g(U) = f (U) by the choice of U since H(U) = U. Thus we
see that g(U) ∩U = ∅ and that the minimum n > 0 so that gn(U) ∩U 6= ∅ is at least 2
and depends only on f , because g = f outside of U.
We observe that Dh(0)(u, v,w) = (u, v,w + tv · es+c+1) so at q0 we have H(q0) = q0
and the image Dg(q0) · E
c
f (q0) is the graph of a non-zero injective linear map Lg(q0) :
Ecf (g(q0)) → E
u
f (g(q0)).
In the absence of dynamical coordinates, the splitting Esf ⊕E
c
f ⊕E
u
f in general depends
not more than Ho¨lder continuously on the base point. Hence it is not possible in general
to find a smooth coordinate change that sends the D f -invariant direction onto the coor-
dinate axis everywhere in a neighborhood of q0. But the choice of ψ through dynamical
coherence ensures that for q ∈ V = Vε := ψ(B(0, 2ε)) the unstable and center-unstable
directions are preserved by DH(q). Hence we can ensure that there is a non-zero injective
linear map Lg(q) : E
c
f (g(q)) → E
u
f (g(q)) such that Dg(q) · E
c
f (q) is the graph of Lg(q).
In particular, if piu
g(q)
: Tg(q)M → E
u(g(q)) is the projection into Euf (g(q)) parallel to
Esf (g(q)) ⊕ E
c
f (g(q)) then it is non-zero, i.e., pi
u
g(q)
◦ Lg(q) 6≡ 0; but the projection pi
s
g(q)
:
Tg(q)M → E
u(g(q)) parallel to Ecf (g(q)) ⊕ E
u
f (g(q)) is zero, i.e., pi
s
g(q)
◦ Lg(q) ≡ 0. This
means that the image of the central vectors under Dg has a non-zero unstable component along
the original splitting but can only have a zero stable component. We remark that
• for q ∈ M \ V the old invariant directions are preserved by Dg, i.e. Dg(q) ·
E∗f (q) = E
∗
f (g(q)) = E
∗
f ( f (q)) since Dg(q) = D f (q), for each ∗ = s, c, u;
• for q ∈ V both the direction Euf and E
cu
f are preserved by Dg, i.e., Dg(q) · E
u
f (q) =
Euf (g(q)) = E
u
f ( f (H(q))) and Dg(q) · E
cu
f (q) = E
cu
f (g(q)) = E
cu
f ( f (H(q))).
Consequently, the unstable and center-unstable subbundles of f remain as unstable and center-
unstable subbundles for g: Eug = E
u
f and E
cu
f = E
cu
g . Consequently the strong unstable and
center-unstable foliations of f and g coincide since these foliations are uniquely integrable in our
setting and, in particular, Fug is minimal.
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4.4. The perturbed map is C2 close. We can perform all the previous constructions
with a family ht,ε with ε going to zero and a function t = t(ε) which also goes to zero,
but essentially arbitrary; see the next sections. This freedom of choice for t(ε) enables
us to control the distance of g to f in the C2 topology.
Indeed, if the strong unstable foliation Fuf of f is of class C
r, for some r > 2, then we
can build H of class Cr and, from Remark 4.1, we have ‖ht,ε − Id‖Cr < Crtε
−r. So we just
have to choose the appropriate function t(ε). In the present scenario, we have a strong
unstable foliation Fuf of f is of class C
2, and we may choose t(ε) = min{ε3, 1/(4C)}.
With this choice of t = t(ε) we have
‖ht,ε − Id‖C2 ≤ C2
ε3
ε2
−−→
ε→0
0.
So in what follows we assume that we have performed the perturbation described in
the previous subsections with the aid of the family of functions (ht(ε),ε)ε≥0 where t(ε)
was defined above.
5. THE PERTURBED CENTRAL SUBBUNDLE
Here we prove the following lemma.
Lemma 5.1. For all small enough 0 < ε < 1/4 and t = t(ε), there exists a subset V˜ of V such
that:
(1) for each u-Gibbs state µ of g, µ(V˜) > 0;
(2) for every q ∈ V˜, Ecg(q) 6= E
c
f (q) .
In particular, if q ∈ V˜, Ecg(q) can be written as the graph of a nonzero linear map Gq : E
c
f (q) →
Euf (q).
Proof. Fix q ∈ M. For v ∈ TqM, denote v
u := piuq (v); v
c := pisq(v) and v
s := pisq(v) as
defined in Section 4.3.2.
For v = vc + vu ∈ TqM, the slope of v is defined as
sc(v) =
‖vu‖
‖vc‖
.
We want to estimate the the slope of Dgn(q)v for, n ≥ 0, q ∈ M and v = vc + vu ∈
Ecf (q)⊕ E
u
f (q). Note that if q ∈ V, then g = f ◦ H, and so
sc(Dg(q)v) =
‖[Dg(q)v]u‖
‖[Dg(q)v]c‖
=
‖D f (H(q))[DH(q)v]u‖
‖D f (H(q))[DH(q)v]c‖
=
‖D f (H(q))[DH(q)v]u‖
‖[DH(q)v]u‖
‖[DH(q)v]u‖
‖[DH(q)v]c‖
‖[DH(q)v]c‖
‖D f (H(q))[DH(q)v]c‖
=
‖D f (H(q))[DH(q)v]u‖
‖[DH(q)v]u‖
sc(DH(q)v). (5.1)
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The last equality is obtained from ‖D f (q)vc‖ = ‖vc‖ for every q ∈ M and every vc ∈
Ecf (q) (the central direction of f is the flow direction).
On the other hand, if q ∈ M \V, since f = g then
sc(Dg(q)v) =
‖[Dg(q)v]u‖
‖[Dg(q)v]c‖
=
‖D f (q)vu‖
‖D f (q)vc‖
=
‖D f (q)vu‖
‖vu‖
‖vu‖
‖vc‖
‖vc‖
‖D f (q)vc‖
=
‖D f (q)vu‖
‖vu‖
sc(v). (5.2)
If q ∈ V, g(q), . . . , gn(q) /∈ V and gn+1(q) ∈ V, n ≥ 1, combining (5.1) and (5.2) we
obtain,
sc(Dg
n+1(q)v) =
‖D f n(g(q))[Dg(q)v]u‖
‖[Dg(q)v]u‖
sc(Dg(q)v)
=
‖D f n(g(q))[Dg(q)v]u‖
‖[Dg(q)v]u‖
‖D f (H(q))[DH(q)v]u‖
‖[DH(q)v]u‖
sc(DH(q)v)
=
‖D f n+1(H(q))[DH(q)v]u‖
‖[DH(q)v]u‖
sc(DH(q)v). (5.3)
In particular, we obtain the following bounds for the slope
m(D f n+1|Euf )sc(DH(q)v) ≤ sc(Dg
n+1(q)v) ≤ ‖D f n+1|Euf ‖sc(DH(q)v), (5.4)
and from (2.3) we can write
λn+13 sc(DH(q)v) ≤ sc(Dg
n+1(q)v) ≤ µn+13 sc(DH(q)v). (5.5)
For q = q0, we have H(q0) = q0 and DH(q0)(0, v
c, vu) = (0, vc, tvc + vu). If v =
vc + vu ∈ Ecuf (q0), then
sc(DH(q0)v) =
‖tvc + vu‖
‖vc‖
≥ |t| − sc(v). (5.6)
In particular, if sc(v) <
|t|
4 , then
sc(DH(q0)v) >
3|t|
4
>
|t|
4
> sc(v).
By the continuous depence of the splitting with respect to the point q for f , there exist
η > 0 and a > b > 0 such that, for any q ∈ B(q0, η) and v ∈ E
cu
f (q), such that sc(v) < b,
we have
sc(DH(q)v) > a > b > sc(v). (5.7)
We can reformulate (5.7) in terms of cones. For b ≥ 0, we consider the cones inside
Ecuf (q) around the subspace E
c
f (q) given for q ∈ M by
Cb(q) := {v = v
c + vu ∈ Ecuf (q) : b ≥ sc(v)} ∪ {0}.
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Then, for every q ∈ B(q0, η), DH(q) carries the cone Cb(q) in a cone around DH(q)E
c
f (q)
whose slope is at least a > b > 0. In particular DH(q)Cb(q) ∩ Cb(H(q)) = {0}; see
Figure 2.
q
Ec(q)
Eu(q)
Cb(q)
H(q)
Ec(H(q))
Eu(H(q))
Cb(H(q))
DH(q)Ecf (q)
DH(q)Cb(q)
a
FIGURE 2. Action of DH(q) over the cone Cb(q).
In addition, in the case q ∈ B(q0, η) ⊆ V, g(q), . . . , g
n(q) /∈ V and gn+1(q) ∈ V, n ≥ 1,
we have
sc(Dg
n+1(q)v) ≥ λn+13 sc(DH(q)v) > λ
n+1
3 a > sc(v).
This implies that, when q ∈ B(q0, η) returns to V after n + 1 ≥ 2 iterates, the cone
Dgn+1Cb(q) is far away from the cone Cb(g
n+1(q)). In other words, for any q ∈ B(q0, η)
the cone Cb(g
R(q)(q) cannot be backward DgR(q)-invariant, where R(q) is the first return
map of q to V under the action of g. Hence, for every q ∈ B(q0, η) returning to V
in a future iterate of g, the central direction Ecg(g
R(q)(q)) of g cannot be contained in
Cb(g
R(q)(q)).
Denote by V˜ the set of points q˜ ∈ V such that there are R ≥ 2 and q ∈ B(q0, η) such
that gR(q) = q˜ and for 1 ≤ n < R, gn(q) /∈ V. Thus, for every q˜ ∈ V, Ecg(g
R(q)(q)) =
Ecg(q˜) can be written as the graph of a nonzero linear map Gq˜ : E
c
f (q˜) → E
u
f (q˜).
As explained in Section 3.4, our assumption of minimality of the unstable foliation
implies that µ almost every point visits any given open subset, the set V say, with posi-
tive asymptotic frequency, for each u-Gibbs state µ of g. In particular,
µ(V˜) = µ
(
B(q0, η)
)
> 0
concluding the proof of the lemma. 
6. COMPARING THE ACTION OF THE DERIVATIVES
Here we complete the proof of the main Theorem A, providing the details of (2.4)
from the overview in Section 2.6.
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We compare the norm of the actions of the derivatives of g and f on the new central
subbundle and the old central subbundle respectively. We use the adapted norms, in-
troduced in Section 4.1, to our advantage in the calculation that follow, together with
the smoothness of the strong-unstable foliation.
The main idea comes from a simple fact of linear algebra:
Lemma 6.1. Consider A : E⊕ F → E⊕ F a linear transformation where the subspaces E and
F are invariant under the action of A . Assume that there exists λ > 1 such that
(a) m(A|F) > λ, that means A is uniformly expanding on F; and,
(b) ‖A|E‖ < λ, or equivalently, the splitting E⊕ F is dominated.
Let L : E → F be a linear map, L 6≡ 0, put G = graph L and assume that the norm above is
given by an inner product on E⊕ F such that E is orthogonal to F. Then there exists ξ > 0 such
that
‖A|G‖ ≥ (1+ ξ)‖A|E‖. (6.1)
Proof. Fix u ∈ G, u 6= 0. Then, there is v ∈ E \ {0} such that u = v+ Lv. Since the
decomposition E⊕ F is A-invariant, then v, Av ∈ E and Lv, ALv ∈ F. Moreover,
‖Au‖2
‖u‖2
=
‖Av+ ALv‖2
‖v+ Lv‖2
=
‖Av‖2 + ‖ALv‖2
‖v‖2 + ‖Lv‖2
=
‖Av‖2
‖v‖2
1+ ‖ALv‖2‖Av‖2
1+ ‖Lv‖
2
‖v‖2
 .
If u = v+w ∈ E⊕ F with u ∈ E, v ∈ F and sE(u) =
‖w‖
‖v‖
is the slope of u, then it follows
directly from the assumptions over A that
sE(Au) > sE(u). (6.2)
Simple algebraic manipulation over (6.2) give us1+ ‖ALv‖2‖Av‖2
1+ ‖Lv‖
2
‖v‖2
 ≥ 1+ ξ (6.3)
and the statement of the lemma follows. 
Lemma 6.2. There exists a measurable function ξ : M → R such that for every q ∈ M,
‖Dg(q)|Ecg(q)‖ ≥ 1+ ξ(q).
Moreover, the set of points q ∈ M such that ξ(q) > 0 has positive µ measure for every u-Gibbs
state µ of g.
Proof. We subdivide the argument in a number of cases for clarity.
CASE A: Ecg(q) is the graph of the non-zero linear map Gq : E
c
f (q) → E
u
f (q).
In this case
Ecg(q) = {u+ Gq(u) : u ∈ E
c
f (y)} = (I + Gq)(E
c
f (q)).
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CASE A.1: for q ∈ M \ V, we can apply the previous Lemma 6.1 to A =
Dg(q) = D f (q), E = Ecf (q), F = E
u
g(q) = E
u
f (q), G = E
c
g(q) and L = Gq
obtaining
‖D f (q)|Ecg(q)‖ ≥ (1+ ξ(q))‖D f (q)|E
c
f (q)‖ = 1+ ξ(q) (6.4)
for some ξ(q) > 0, which is clearly true by our assumptions (2.2) and (2.3).
CASE A.2: for q ∈ V, we apply Lemma 6.1 to A = Dg(q) = D f (H(q)), E =
DH(q)Ecf (q), F = DH(q)E
u
f (q), G = DH(q)E
c
g(q) and L = DH(q) ◦ Gq
obtaining
‖Dg(q)|Ecg(q)‖ = ‖D f (H(q))|DH(q)E
c
g(q)‖
≥ (1+ ξ(q))‖D f (H(q))|Ecf (H(q))‖ = 1+ ξ(q) (6.5)
and this is clearly true again from assumptions (2.2) and (2.3).
CASE B: Ecg(q) = E
c
f (q) (that is, we assume that Gq ≡ 0).
CASE B.1: for q ∈ M \V we have
‖Dg(q)|Ecg(q)‖ = ‖D f (q)|E
c
f (q)‖ = 1. (6.6)
CASE B.2: otherwise, for q ∈ V we have
‖Dg(q)|Ecg(q)‖ = ‖D f (H(q))|DH(q)E
c
g(q)‖ = ‖D f (H(q))|DH(q)E
c
f (q)‖.
Now we have the following two alternatives.
CASE B.2a: If DH(q)Ecf (q) = E
c
f (q), then ‖Dg(q)|E
c
g(H(q))‖ = 1.
CASE B.2b: Otherwise, DH(q)Ecf (q) is the graph of a non-zero linear
maps GH(q) : E
c
f (H(q)) → E
u
q (H(q)) so we apply Lemma 6.1 to A =
Dg(q) = D f (H(q)), E = Ecf (H(q)), F = E
u
f (H(q)), G = DH(q)E
c
f (q)
and L = GH(q) obtaining
‖Dg(q)|Ecg(q)‖ = ‖D f (H(q))|DH(q)E
c
g(q)‖
≥ (1+ ξ(q))‖D f (H(q))|Ecf (H(q))‖ = 1+ ξ(q) (6.7)
Finally, putting together (6.4), (6.5), (6.6) and (6.7) we obtain a measurable function
ξ : M → R such that for every q ∈ M, ξ(q) ≥ 0 and
‖Dg(q)|Ecg(q)‖ ≥ 1+ ξ(q).
It follows from Lemma 5.1 that the set of points q ∈ M such that ξ(q) > 0 has positive
µ measure for every u-Gibbs state µ of g. 
As explained in the outline of the proof, in Section 2.6, the main theorem and corollar-
ies follow easily from this estimates and known results on mostly expanding partially
hyperbolic diffeomorphisms. This completes the proof of the main theorem.
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